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1 Introduction

Qualitative theory for discrete dynamic systems with one dimension, that is, for
ordinary difference equations which parallels the qualitative theory of differential
equations, has been investigated by several authors, see e.g., the monographs [1, 2, 3,
9] and the references cited therein. On the other hand, though the nonlinear discrete
dynamics systems involve functions of two or more independent variables, that is
partial difference equations (PDEs), are as important as difference equations, com-
paratively few papers have been devoted to the oscillation theory of their solutions,
see, e.g., the papers by Saker [21], Saker and Wong [22] and Zhang [26] and the refer-
ences cited therein. In fact, partial difference equations arise in the approximation of
solutions of partial differential equations by finite difference methods, random walk
problems, the study on molecular orbits , mathematical physics problems and other
problems in population dynamics [5, 6, 9, 11, 23, 27]. Hence, to further develop the
qualitative theory of partial difference equations, in this paper we shall consider the
following hyperbolic nonlinear neutral delay difference equation

AQ(anA2 (ym,n + pnym,n—T) + Qm,nf(ym,n—a) = TnLym,n + Z Rj,nLym,n—'yja (1>
jeJ
{ymn} = {Ymimo,.m,n} which is defined in @ xN,,, J = {1,2,...,Jo}, Ny, =
{no,no + 1, },
Q= N(1, M) x N(1, Ny) x ..N(1, V), 2)
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where N(a,b) = {a,a+1,...,b} and Ly, is the discrete Laplacian operator defined

by
l

_ 2
Lym,n = E Amiyml,m27-~~,m1:—1,mi*17mi+1~~~7mz7n (3)
1=1

where A? is the partial difference operator of order two i.e., A%ymm = Ni(AiYmn),
Alym,n = Ym+1n — YUYmn and AQym,n = Ymn+1 — Ym,n-

We assume throughout this paper that:

o0
(h1) @n,7npn € Npy = R 37 L =00, 0<p, <1, Rjn €J x Nppy — RT;

n=ng

(h2) gmn € 2 x N, — RT, and there exists a sequence {g,} such that ¢, =
miny,eq{g¢mmn}, n € Ny, and {g,} has a positive subsequence;

(h3) o, 7 € Ny, v; € J — Nu;
(h4) f € C(R,R) is convex, uf(u) > 0 for v # 0 and f(u)/u >k > 0.

Consider the initial boundary value problem (IBVP) (1.1) with the boundary
conditions

Ymn =0, m eI, ne Ny, (4)
where
l
Nl = U m17 o NG — 170 MMit1y o0y ml)?(mlv'“amiflaNi—i_17mi+1a"'7ml)}a
=1
m; € N(1,N;), 1 <i<lI. (5)
and
Amiym,n|mi:0 —dmmn ym,n|mi:0 = 0,

and the initial condition (IC)
Ym,s = Pmsy  for ng — M < s < ng, (7)

where gmn > 0 for me Q, n € Ny, and M = maz{o, 7, 7;}.

By a solution of initial boundary value problem (1.1), (B1), [or (B2)] and (1.5)
(for short IBVPBI1) [for short IBVPB2] we mean a sequence {y,, ,} which satisfies
Eq.(1.1) for (m,n) € Q x Ny, satisfies (B1) [B2] for (m,n) € 92 x N,,, and satisfies
IC (1.5) for (m,n)e Q x {ng — M, ...,no}.



In the continuous case, the differential equation

1"

z (1) +q@) f(2(t)) =0, t > o (8)

has been tackled by many authors, see the survey papers [8, 24, 25] which give over
350 references. It is known that, due to Kamenev [7], the average function A (t)

defined by
t
1
MO =5 [(t- 9 ads, Az 1L (9)

to

plays a crucial role in the oscillation of Eq.(1.6). Philos [19] further improves Kamenev’s
result by proving the following: Suppose there exist continuous functions H, h : D =
{(t,s) :t > s >tp} — R such that (i) H(t,t) =0, t > to, (i7) H(t,s) >0, t > s > to,
and H has a continuous and nonpositive partial derivative on D with respect to the
second variable and satisfies

—% = h(t,s)/H(t,s) > 0.

Further, suppose that

1

Jim s /t (H(t, )q(s) — ihQ(t, §)] ds = oc. (10)

Then every solution of equation (1.6) oscillates. However, these criteria can not be
applied in the case when q(t)=a/t? (see [24]). For oscillation of different types of
partial delay and neutral delay differential equations we refer to the results in [12,
14-18, 20].

Our aim in this paper, by means of Riccati transformation techniques, we will
establish some new oscillation criteria for IBVPB1 and IBVPB2 in 2 xN,,, in the
sense that there does not exist n; € N,,, such that ,,, > 0 or ¥y, , <0 for n € N, .
Our Kamenev-type criteria not only the discrete analogues of (1.7) and (1.8) but also
improve them and can be applied in the case g, n > o/ n?.

2 Oscillation of IBVPB1

In this section we will establish some new oscillation criteria for IBVPB1. Before
stating our main results we need the following lemmas.

Lemma 2.1 [4]. Consider the eigenvalue problem

Lym + aym =0 m € (Q,
Ym =0 m € 0f). ’



where Q, L and 0 are defined in (1.2), (1.8) and (1.4) respectively. Let ag be the
least eigenvalue of problem (2.1) and ¢,, be the corresponding eigenfunction. Then
ag >0 and ¢,, >0 me Q.

Lemma 2.2 [3]. (Discrete Green’s formula). Let yyy,, 2, be two sequences defined
on Q=N(0,N7) x N(1, N2) x ...N(1, N; + 1). Then

l N Ni—1 Nipa N;
ZmLym_ ymLzm = [ZmAmiym - ymAmizm]mi:O
meQ) meN i=1 | mi=1 my=1m;p1=1 my=1

where Q and L are defined in (1.2) and (1.3) respectively.

Lemma 2.3 [13]. (Discrete Jensen’s Inequality). Let f be a positive and convex
function on RT. Then, for ym, and ¢, >0, me Q,

S Fum)on = S ot | —— 3 vt
Z ¢m

meQ) me) e me)

Theorem 2.1: Assume that (h1)-(h4) hold. Furthermore, assume that there exists
a positive sequence { p,}ol,, such that

Jim_sup > [kpz(l —Pl—o)q — %} = o0. (2.1)

l=ng
Then, every solution of IBVPB1 s oscillatory in € x N, .

Proof: Suppose to the contrary that {ym, »} is a nonoscillatory solution of IB-
VPB1. Without loss of generality, we may assume that there exists n; € Ny, such
that ypm n—nr >0 for all n € N;,,. Multiplying (1.1) by the eigenfunction ¢,, and
summing over m, we get

A2(anA2( Z ¢mym,n + Dn Z (bmym,nfr)) + Z Qm,nf(ym,nfo)gbm

me) me2 me
= 7, Z G LY + Z R; ., Z G Lymm—ry;, for n € Ny, (2.2)
meQ j€J mex

From Lemma 2.2 and (B1) we find that

Z (meym,n - Z ym,nL¢m

meN meQ
l N; Niy1 N

N, i—1
= Z Z Z Z Z [¢mAmiym,n_ym,nAmi(bm]'r]r\Z:O

i=1 m1:1 mi_lzl m,-_H:l ml:1

l N1 N;—1  Niz1 N
Z{ Z Z Z Z (¢m1,m2,---,m7:—1,Ni,mz‘-s-l---,ml
_ i=1 mi=1 mi—1=1m;y1=1 m;=1 (2 3)
><[_yml,mz,..,mi_l,Ni,mi+1---,mz,n] — Yma,ma,...mi_1,Niymiq1...,mp,n .
[_¢m1,mz,...,mi,l,Ni,mHl...,ml]) = O
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Subsequently, in view of Lemma 2.1 relation (2.3) further reduces to
> GnLmn = Y YLty = =00 Y Ymnbum- (2:4)
mes) mef) mes)
Similarly, for each j € J, we find that
Z ¢mLym,n77j = Z Ymn—y, L¢m = —Qo Z Ymn—r,; ¢m' (2-5)
me) me me2

Further, an application of Lemma 2.3 and (h3) provide

1
Z Qm,nf(ym,nfa)qsm > qn Z d)mf Z—¢ Z Qbmym,nfa 5 forn € an.
meS) meS) M meQ
me)
(2.6)
Set ]
Up = S5 Z OmYm.n- (2.7)
meQ ™ meQ
Thus (h4), (2.2), (2.4)-(2.7) imply that
A(anA(un +pnunfﬂ')) + kgnun—o <0, (28)
where A is the ordinary difference operator. Set
Ty = Unp + Ppln_r. (2.9)
By, assumption (hl) we have z,, > 0 for n> n; and from (2.7) it follows that
AlanAzy) < —kguup—o <0, n>mn (2.10)

and so {a,Az,} is an eventually nonincreasing sequence. We first show that Ax,, > 0
for n > ny.1In fact, if there exists an integer ng > ny such that a,,Ax,, = ¢ < 0,
then a, Az, < c for n> ny that is

C
Az, < —
G,

and, hence by (hl) we have
n—1
zngxn2+cZ——>—oo as n — oo

: a;
1=n2

which contradicts the fact that x,, > 0 for n > nq. Therefore, we have
xn >0, Az, >0, Ala, (Azxy)) <0, n € N,,. (2.11)

Then, from (2.9) and (2.11) we find that u, > (1 — p,)x, and this implies that for
n>ng=mn1+0o
Up—g = (1 - pnfa)$nfo"



From (2.10) and the last inequality, we have
AlanAxy) + Qnn—o <0, n € N,,.
where @, = k¢ (1 — pn—s). Define the sequence {w,,} by

anAx,,
Wy, = pp,—-
"'UTL—O'

Then w, > 0, and

A(a,Axy,
Awn:an+lA$n+lA|: Pn } 4 Ln (an Az )

In—0o ITn—0o

Then (2.12) and (2.14), imply that

pnpn+1A$n+1 JAN

Ap
Awn < _ann + L Wp+1 —
Pr+1 Tpn+l1—0Tn—0o

But from (2.11), we have

Un—oATp g > 1 1ATpy1, and Tppl-o > Tnoo,

and thus from (2.15) and (2.16), we obtain

A 1
Awp, < —p,Qn + ﬂwnﬂ - p—n2ﬁw721+1‘
Pn+1 (pn_H) Up—o
So that
o) (Ap )2
Awp < —p,Qn+ (an—o) (Apy) _
4py,
2
v Pn W1 — V(an—o)Ap, < _ [p Gn —
n nin
Pn+1 (an—o) 2/Pn,

Then, we have

4py,
Summing the last inequality from ns to n, we obtain

Aw, < — [%Qn _ M} .

n
Wy < Wni1 = Wny < — Y [sz -

l=nso

4py

which yields

n

Z [plQl - W] < c1.

l=ngo

for all large n. This is contrary to (2.2). The proof is complete.

(a1-0) (Apy)?

|\

4pp

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(an—0) (Apn)2



In Eq.(1.1) if p, = 0, then Eq.(1.1) reduces to the hyperbolic delay difference
equation

Ag (anAZQm,n) + Qm,nf(ym,nfo) = TnLym,n + Z Rj,nLym,nf’yj . (218)
JjEJ
Then from Theorem 2.1 we have the following corollary, which can be considered as
the discrete analogy of Theorem 2.1 in [20] for hyperbolic delay differential equations.
Corollary 2.1: Assume that (h1)-(h4) hold. Furthermore, assume that there
exists a positive sequence { p, o2, such that,

n
_o) (Ap))?
nh_}rrolo sup Z [k’ﬂlQl - W = 00.
l=no l

Then, every solution of (2.18), (B1), (1.5) is oscillatory in X Ny,.

From Theorem 2.1, we can obtain different conditions for oscillation of all solutions
of IBVPBL different choices of {p,,}. Let p,, = n*, n> ng and A > 1 is a constant. By
theorem 2.1 we have the following result.

Corollary 2.2: Assume that all the assumption of Theorem 2.1 hold, except that
the condition (2.1) is replaced by

n o 1 A A2
o 37 [erg, - ol P =)

s=ng

Then, every solution of IBVPBI1 is oscillatory in € x Ny, .

The following theorem can be considered as the discrete analogy of the Kamenev-
type condition (1.7).

Theorem 2.2. Assume that (h1)-(h4) hold. Furthermore, assume that there
exists a positive sequence {py,}ns,,, such that for every A > 1,

1= o 2 (Ap,  Am—n—1)>1\°
lim sup — Z (m—n)* | p,Qn — On—o (Pns1) < Pn 4 (m —n /\) > = 0.
m—0o0 m n=ny 4pn Pn+1 (m - 7’L)
(2.19)

Then, every solution of IBVPB1 s oscillatory in €@ x N, .

Proof: We proceed as in the proof of Theorem 2.1, we assume that the IBVPB1
has a nonoscillatory solution {y,,} in Q x N,,. Without loss of generality we
may assume that it has a positive solution {ym n—n} for n > n;. Then we have
Tn > 0, Az, > 0, A(ay (Azy)) < 0 for n > ny. Define {w,} by (2.13) as before,
then we have w,, > 0 for n > ng and (2.17) holds. For the sake of convenience, let us

set p, = afj Then, from (2.17) we obtain

o

A _
PrQn < —Awy, + ﬂwn—l—l - g_nw721+1-

pn+1 n+1

7



Therefore,

m—1 m—1 m—1 A
S @ < - S B+ S - 2
n=ns n=nsg n=ns n+1
m—1 _
- Z (m— n))‘g—"wiﬂ. (2.20)
n=nsy Pn+1
Now, after summing by parts, we have
m—1 m—1
Z (m — n)’\Awn =—(m— ng)’\wn2 — Z Wp+102(m — n))‘,
n=ns n=ns
where, Ag(m —n)* = (m —n — 1)* — (m —n)*, then we have
m—1 m—1
Z (m — n)*Aw, = —(m — nz) wy, + Z Wni1((m —n) = (m—n—1)M).
n=ns n=ns
Using the inequality,
2? — P > By Yo —y) forallx >y >0and 8> 1,
we have
m—1 m—1
Z (m — n)*Aw, > —(m —ng) wy,, + Z Moy (m —n— 1)L
n=ns n=ns
Substitute in (2.20), we have
m—1 m—1
S - 10,@0 < n— eV — S Ms(m = 1
n=nso n=nsy
m—1 m—1 _
D O e R S (e e i
n=ns n+1 n=ns n+1
Then,
1 m—1
oy Z (m —n)*p,Qn
n=nsg
m—1 A1
m —MNa\x 1 Al Pn 2 Apn )\(m—n—l)
< (mfzpy, R A wain
) 2 A s T )
m—"na.
= ( m ) Wiy
1= NG A A(m —n — 1)A1\1?
__)\Z(m_n))\[ pnwn+1_2pn—|:1 < pn+ ( )\) >:|
m n=ns Pn+1 vV Pn \ Pn+1 (m - TL)
1= 2 Apy  Am—n—1)1?
+— Z(m—n))‘(pnfl) < Pn ( )\) ) )
w2 0 \owr T



which implies that

m—1
% Z (’I’)’L - n))\ann
n=nsy
m—na. 1= A (Pn+1)2 Apy , AMm—n—-1)"1 i
< ( m ) s " ﬁ n;2(m - n) 4pn <pn+1 * (m - TL))‘ > ’
or
R, A (Pus1)” (Dpy  Am—n—1D N m—my
Wn_ZnZ(m_n) [ann — 4pn <pn+1 + (m — TL))‘ > ] < ( m ) Wny,

which yields

2 1N 2
lim — Z [ann_ (pnj-l) (Apn N Am —n —1)* 1) ] .

e B0 \pprt | (monp

n=ngy

which is contrary to (2.19). The proof is complete.

Corollary 2.3. Assume that all the assumptions of Theorem 2.2 hold, except
that the condition (2.19) is replaced by

m—
W{gnoosup Z ann = 00,
n=ni
and
1 U 2 (Ap,  Am—n—1 1\
lim—AZ(m—n) neo (Prs1) ( P (m—n /\) > < oo.
m—0o0 1M Pn Pn+1 (m - TL)

n=ni

Then, every solution of IBVPBI1 is oscillatory in € x Ny,.
The following theorem can be considered as the discrete analogy of Philos-type
condition (1.8).

Theorem 2.3. Assume that (hl)-(h4) hold. Let {p,}32,,, be a positive sequence.
Furthermore, we assume that there exists a double sequence {Hp,, : m > n > 0}
such that (i) Hpm = 0 for m >0, (it) Hpyn > 0for m > n >0, (iii) AgHpyp, =
Hyni1 — Hpp <0 form>n>0. If

sy (an—c) PQ+1 Ap ?

lim sup H7pQ——n<h7— n\/H’> = oo.
m—00 m,0 7;) e Pn e pn+1 o ( )
2.21

where
AsH
B = ——==2 > > 0, (2.22)
Hmn



Then, every solution of IBVPB1 is oscillatory in ) X Ny, .

Proof: We proceed as in the proof of Theorem 2.1, we may assume that IBVPBI1
has a nonoscillatory solution, without loss of generality, we assume that it has a
positive solution in 2xN,,,. Follows the proof of Theorem 2.1 we have z,, > 0, Az, >
0, A(an (Azy,)) < 0 for n > ny. Define {w,} by (2.13) as before, then we have w,, > 0
for n> ng and (2.17) holds. Thus

A
IOnQn < _Awn + ﬂwn+l - LQU}?L+1. (223)
anrl (pn+1)

Therefore, we have

Z Hmnann < - Z HmnAwn+ Z ]:ImnpA 1wn+1_ Z Hm" pn)2 T2L+1

n=ns n=ns n=ns n+ n=ns (pn+1
(2.24)
which yields, after summing by parts
m—1
Z Hm,nann
n=ns
m—1 Ap m—1 E
< Hp, n2Wny + Z wn—l—lAQHmn + Z Hmn nwn—}—l - Z Hm,n—ngw721+l
n=nso n=nso Pn+1 n=no (pn+1
= mngwng Z hm, nyV mnwnJrl + Z Hmn wn+1
n=nz n=n2z +1
m—1 E
- Z Hm,n—nzw?m—f—l = HpnyWn,
n=nso (pn+1
L 2
| VHun p p A
_ Z wwm 4+ Pndl <hm,n Hppm — ﬂHmn)
s Pnt1 9 /Hm,n D n+1
1= A
+— Z (pn_+1) hm,n - Pn Hm,n .
4 — Pn+1
n=na Pn
Then,
m—1 2 2
) A
Z Hm,nann - ( n+1) < m,n Pn AV; Hm,n) < Hp, noWny < Hpy, 0Wng
n=ns 4pn Pnt1

which implies that

m—1 (p )2 A,O 2 na—1
1
mnann - % <hm,n - & \/ Hm,n) < Hm,O Wny,y + Z n20,4n | -
n=0 4 Pn pn+1 n=0

10



Hence

m—1 2 A 2
lim sup Z [Hm’nann — w (hm,n — ﬂ, /Hmm) ]
meee m,0 n=0 4 Pn Pr+1
na—1
< (wnZ + Z ann) < o0,
n=0

which is contrary to (2.21). The proof is complete.

As an immediate consequence of Theorem 2.3, we get the following:
Corollary 2.4: Assume that all the assumptions of Theorem 2.3 hold, except that
the condition (2.20) is replaced by

1 m—1
ngnoo sSup Hm,O n_zno Hmynann = 00,
1 2 (an_g) p? A 2
lim sup Z (=) Pris <hm,n— L Hm7n> < 00.
m—00 Hm,U n—no Pn Pni1

Then, every solution of IBVPB1 s oscillatory in € x N, .

By choosing the sequence {H,,,} in appropriate manners, we can derive several
oscillation criteria for (1.1). For instance, let us consider the double sequence { Hy, ,, }
defined by

Hpyp = (m—n)A, A>1,m>n>0,
A
Hypm = (10g ZLT—’_% ,A>1,m>n >0, (2'25)
Hmﬂn:(m—n)()‘) A>2 m>n>0.
where (m —n)® = (m —n)(m —n+1)...(m —n+ X — 1), and
Ag(m —n)N = (m—n—1W = (m—n)M = =\(m —n)*D.

Then Hy,m = 0 for m> 0 and H,,, > 0 and AgH,y, , < 0 for m>n>> 0. Hence we
have the following results.

Corollary 2.5. Assume that all the assumptions of Theorem 2.8 hold, except
that the condition (2.21) is replaced by

1= P> vz A 2
lim sup — Z (m —n)*p, Qn — n_+1 <)\(m ) - Pn (m — n)A) — 0.
m=eo m n=0 P Pn+1

Then, every solution of IBVPB1 s oscillatory in € x N, .

Corollary 2.6. Assume that all the assumptions of Theorem 2.3 hold, except
that the condition (2.21) is replaced by

lim su ;m_l lo mtl " Q
m—oo P (log(m + 1))>‘ o & n+1 Prien

11



2 A=2 A
A 1\ 2 A 1
_frn1 <logm+ ) _ Zfn <logm+ ) = 00.
4p, n+1 n+1 Pl n+1

Then, every solution of IBVPB1 s oscillatory in €@ x N, .

Corollary 2.7. Assume that all the assumptions of Theorem 2.3 hold, except
that the condition (2.21) is replaced by

m—1 2 2
. 1 Ppt1 A Ap
lim sup —— m—n)M|p Q, — 2E < - —= = o0.
m—oo m()\) 7;)( ) nen 4 Z)n m—-—n -+ )\ —_ 1 pn+1

Then, every solution of IBVPBI1 is oscillatory in € x Ny, .

3 Oscillation of IBVPB2

In this section we will establish some new sufficient condition for oscillation of all
solution of IBVPB2.

Theorem 3.1: Assume that (h1)-(h4) hold. Furthermore, assume that there
exists a positive sequence { p,}o2,,  such that (2.2) holds. Then, every solution of
IBVPBZ2 is oscillatory in Q x Ny,.

Proof: Suppose to the contrary that {y, ,} is a nonoscillatory solution of IB-
VPB2. Without loss of generality, we may assume that there exists ny € IN,,, such
that ym n—nr >0 for all n € N,,,. Summing Eq.(1.1) over m, we get

AQ(pnA2( Z Ym,n +pn Z ym,nfT)) + Z Qm,nf(ym,nfa)

mes) mes) me
= r, Z Lyymn + ZRJ’" Z Lym,n,%, forn € N,,. (3.1)
mes) jeJ meQ)

Applying Lemma 2.2 and using (B2), we find that

l N1 1 N1+1
E Lym,n = § E § § § mlym mZ—O
me) i=1 | mi=1 m;_1=1mi;1=1 m=1

N7,+1

= Z{ Z Z Z Z gm,nym,n|mi:Ni+1 _gm,nym,n|m“:0]

mi=1 m;_1=1m;y1=1 m=1

= Ay, <0. (3.2)
Similarly, for each j € J we find that

> Lymn—y, = Amn—y,; < 0. (3.3)
me

12



Further, an application of Lemma 2.3 provides

Z Qm,nf(ym,nfo)-l > qn Z f <|_§12| Z ym,ng> |Q| , forn e an. (34)

mes2 mes2 mes2
Set )
Up = @ Z Ym,n, (35)
meQ
where [Q| = > 1= N;Ny...N;. Thus (h4) and (3.1)-(3.5) imply that
mes
A(anA(un +pnun—7)) + kquun—o <0, (36)

where A is the ordinary difference operator. The remainder of the proof is similar to
that of the proof of Theorem 2.1 and hence is omitted.

As in the proof of Theorems 2.2 and 2.3 by using (3.6) we can prove the following
theorems.

Theorem 3.2. Assume that (h1)-(h4) hold. Furthermore, assume that there
exists a positive sequence {p,}>2, such that for every X > 1, (2.18) holds. Then,
every solution of IBVPBZ2 is oscillatory in £ x Ny, .

Theorem 3.3. Assume that (h1)-(h4) hold. Let {p, }7>,,, be a positive sequence.
Furthermore, we assume that there exists a double sequence {Hp, : m > n > 0}
such that (i) Hym = 0 for m >0, (ii) Hp,p > 0for m > n > 0, (ili) AgHyy, =
Hpni1 — Hyp <0 for m > n > 0. If (2.20) holds, then every solution of IBVPB2
is oscillatory in 0 X Np,.

From Theorem 2.3 by using the definition of {H,,,} as in (2.25), corresponding
corollaries for oscillation of IBVPB2 can be stated. The details are left to the reader.
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