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In the present paper, we will study the general telegraph coupled map lattice and finite
amplitude instability will be discussed. The persistence in telegraph reaction diffusion
equation (TRD) will be studied in two dimensional systems and we show the critical size
effect where phenomena persist only if the domain is large enough. Some applications
are introduced and we made a simulation on the small world network, which is more
realistic than the ordinary lattices in many cases.
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1. Introduction

The standard coupled map lattice (CML)1 depends on the familiar reaction diffusion
equation

∂u(x, t)
∂t

= D
∂2u(x, t)

∂x2
+ f(u) . (1)

A basic weakness of this equation is that the flux j reacts simultaneously to the gra-
dient of u consequently an unbounded propagation speed is allowed. This manifests
itself in many solutions to Eq. (1), e.g. (if f = 0),

u(x, t) =
1√

4πDt
e−x

2/4Dt , u(x, 0) = δ(x) i.e u(x, t) > 0 ∀x , ∀ t > 0 .

This is unrealistic specially in biological and economical systems where it is known
that propagation speeds are typically small. To rectify this weakness Fick’s law is
replaced by:

j + τ
∂j

∂t
= D

∂u

∂x

1525
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and the resulting telegraph diffusion equation is:

τ
∂2u

∂t2
+

∂u

∂t
= D

∂2u

∂x2
.

The corresponding telegraph reaction diffusion (TRD)2 is:

τ
∂2u

∂t2
+
(

1− τ
df

du

)
∂u

∂t
= D

∂2u(x, t)
∂x2

+ f(u) . (2)

The time constant τ can be related to the memory effect of the flux j as a function
of the distribution u as follows3: Assume

j(x, t) = −
∫ t

0

K(t− t′)
∂u(x, t′)

∂x
dt′ (3)

hence

j + τ
∂j

∂t
= −τK(0)u(x, t)−

∫ t

0

(
τ

∂K(t− t′)
∂t

+ K(t− t′)
)

∂u

∂x
dt′ .

This equation is equivalent to the telegraph equation if K(t) = (D/τ)e−t/τ . This
lends further support that TRD is more suitable for economic and biological systems
than the ordinary diffusion equation since it is known that we take our decisions ac-
cording to our previous experiences so memory effects are quite relevant. Further
evidence comes from the work of Chopard and Droz,4 where they have shown
that, starting from discrete time and space, the continuum limit does not give the
standard reaction diffusion but the telegraph one has. Therefore the study of tele-
graph coupled map lattice (TCML), i.e., the coupled map lattices corresponding to
telegraph reaction diffusion equation is important: The general TCML is:

vt+1
j = utj ,

ut+1
j = 2utj − νtj − α

(
1
τ
− f ′(utj)

)
(utj − νtj)

+
(

α
D

τ

)
[utj−1 + utj+1 − 2utj] +

αf(utj)
τ


(4)

where α is a constant small parameter to avoid overflow problems.
In previous work,5 the telegraph reaction diffusion is studied in one and two

spatial dimensions. Some exact and approximate results are obtained. A coupled
map lattice corresponding to the spatial prisoner’s dilemma game is constructed and
studied in the weak diffusion limit. A formula is derived for Lyapunov exponents
and it is shown that periodic solutions are dense in the weak coupling regime and
that this system is structurally stable.

In the present work, we study the asymptotic stability, finite amplitude insta-
bility of telegraph coupled map lattice and the persistence of the TRD equation.
Also, some application are introduced and the TRD for interacting systems have
been studied.
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2. Asymptotic Stability and Finite Amplitude Instability of
Telegraph Coupled Map Lattices

It is straightforward to study the asymptotic stability of TCML, Eq. (4) and the
result is that the homogeneous steady state utj = u where f(u) = 0 is stable if

|c| < 2 , |b|+ 1 > |c| , b = −1 + α

(
1
τ
− f ′

)

c = 2− α

(
1
τ
− f ′

)
+ αuf ′′ + α

f ′

τ

 . (5)

Now, finite amplitude instability (FAI) will be discussed. For simplicity, it will be
studied for partial differential equations corresponding to the CML. It is known that
the singularities of the PDE are contained in those of the corresponding discretized
system.6 Here we will assume f ′′(0) 6= 0. Thus we consider

∂u

∂t
= D

∂2u(x, t)
∂x2

+ f(u) , f(0) = 0 , u(0, t) = u(1, t) = 0 . (6)

u = 0 is a steady state solution so expanding near it we set

u =
∑
m=1

εmvm(t′, t′′, x) ,
∂

∂t
=

∂

∂t′
+ ε

∂

∂t′′
, f ′(0) = λ0 + ελ1 .

Substituting in Eq. (6) and equating terms O(ε) one gets

v1(t′, t′′, x) =
∑
l=1

al(t′′) sin(πlx) exp[(1 − l2)π2t′] .

Let λ0 = π and consider the equation O(ε2), we set the secular term (independent
of t′) equal to zero

da1

dt′′
= λ1a1 +

b′f ′′(0)
2

a2
1 , b′ =

∫ 1

0
sin3 πxdx∫ 1

0 sin2 πxdx
. (7)

Thus the conditions for FAI are:

f ′′(0) > 0 , λ1 < 0 and a1(0) >
−2λ1

b′f ′′(0)
. (8)

Generalizing to the telegraph equation (2) we obtained that the conditions for FAI
are identical to those for the ordinary diffusion equation. Hence applying for the
case of 2× 2 game where f(p) = p(1− p)(α + γp) then FAI is possible if γ > α.

For systems of two partial differential equations,

∂u1

∂t
= D1

∂2u1(x, t)
∂x2

+ f(u1, u2) ,
∂u2

∂t
= D2

∂2u2(x, t)
∂x2

+ g(u1, u2)

f(0, 0) = g(0, 0) = 0 , u1(0, t) = u1(1, t) = u2(0, t) = u2(1, t) = 0

 . (9)



January 14, 2002 19:4 WSPC/141-IJMPC 00286

1528 E. Ahmed, H. A. Abdusalam & E. S. Fahmy

Expanding near the steady state solutions u1 = u2 = 0 we got

u1 =
∑
m=1

εmvm(t′, t′′, x) ,

u2 =
∑
m=1

εmωm(t′, t′′, x) ,
∂

∂t
=

∂

∂t′
+ ε

∂

∂t′′
,

f1 :=
∂f

∂u1
(0, 0) = λ11 + ελ12 , g1 = µ11 + εµ12 , g2 = µ21 + εµ22 .

After some tedious calculations we got the following conditions for FAI in Eq. (9):

(i) (π2D1 − λ11)(π2D2 − µ21)− λ21µ11 = 0 .

(ii) λ12 + κλ22 =
µ12

κ
+ µ22 < 0, where κ =

π2D1 − λ11

λ21
.

(iii)
f11

2
+ κf12 +

(
κ2

2

)
f22 =

g11

2κ
+ g12 +

(κ
2

)
g22 > 0 .

(iv) a1(0) > − λ12 + κλ22

b′(f11/2 + κf12 + (κ2/2)f22)
.

where b′ is defined in Eq. (7).

For predator prey system

f = ru1(1− u1)− u1u2 , g = −au2 + u1u2 ,

condition (ii) is not satisfied. For Belousov–Zhabotinsky system

g = u1 − u2

hence condition (iii) is not satisfied. Similarly for FitzHugh–Nagumo model where

g = c(u1 − bu2 + a) ,

a, b and c are constants. A model satisfying the above conditions is given by:

f = u1 + u2 + b1u1u2 , g = u1 + u2 + b1u1u2 , b1 > 0 , b2 > 0 , (10)

such that

(π2D1 − 1)(π2D2 − 1) = 1 , κ = (π2D1 − 1) > 0 , µ12 = κλ12 < 0 ,

µ12 = κλ12 < 0 , (π2D1 − 1)b1 = b2 and a1(0) > −λ12 + κλ22

κb1
.

Now the case f ′(0) = 0 is considered.6 Linearizing around the solution u(x, t) =
0, i.e., let u(x, t) = v(x, t), linearize in ν then ∂v/∂t = ∂2v/∂x2 + λν, λ = f ′(0).
Set u = (

∑
l al sin(πlx)) exp(σt), then bifurcation points are given at λ = (πl)2,

l = 1, 2, . . . .
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Studying the stability of the first bifurcation point λ = π2 using Matkowsky two
time nonlinear stability analysis, one defines λ = π2 +λ0ε

2, ε is a small parameter.
Decompose the time into fast t′ and slow τ then

∂

∂t
=

∂

∂t′
+ ε2 ∂

∂τ
,

expand u in powers of ε2

u ' εv1 + ε3v3 + · · · ,

(notice that f ′(0) = 0) then substitute in Eq. (6) one gets

v1(x, t′, τ) =
∑
l

al(τ) sin(πlx) exp(1− l2)π2t′ .

Substituting into the cubic term and setting the constant term in t′ equal to zero
one finally gets

da1

dτ
= λ0a1 + b(a1)3 , b =

π2f ′′′(0)
∫ 1

0
sin4 πxdx

6
∫ 1

0 sin2 πxdx
.

Thus a nonlinear (finite amplitude) instability arises if

λ0 < 0 and |a1(0)| >
√
|λ0|
b

. (11)

3. On Persistence in Telegraph Reaction Diffusion Equation

Definition 1. A dynamical system is persistent if ∀x(0) > 0 then

lim
t→∞

inf xi(t) > 0 ∀ i = 1, 2, . . . , n .

To study persistence in TRD the following result is crucial (Ref. 7 with slight
modifications):

Theorem 1. Suppose that f(r, u) is Lipschitz in r and continuously differentiable
in u with

∂f

∂u
≤ 0 for u ≥ 0 , f(r, u) ≤ 0 if u ≥ l (12)

for some constant l, and f(r, 0) > 0 at some point in the domain Ω then the problem

∂u

∂t
= D

∂2u(x, t)
∂x2

+ uf(r, u) in Ω ∈ (0,∞) (13)

with Dirichlet or Neumann boundary conditions has a unique positive steady state
uss, which is a global attractor for nontrivial non-negative solutions (hence the
system (13) is persistent) if the following problem has a positive eigenvalue σ

σu = D
∂2u(x, t)

∂x2
+ uf(r, 0) in Ω

with the same boundary conditions as Eq. (13).
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Proposition 1. The conditions of Theorem 1 implies the persistence of the TRD
equation (2) with f replaced by uf.

Proof. Linearizing around u = 0 and let u = exp(σt)u(r, 0) one gets

σ =
−1 + τf(0)±

√
(1− τf(0))2 + 4τγ

2τ
,

γ = f(0)−D

(
π2

L2
1

+
π2

L2
2

)
.

Thus at least one of the two values of σ is positive if γ > 0.

Now Theorem 1 and Proposition 1 is applied to some two-dimensional systems.
The domain Ω is chosen to be the rectangle x ∈ [0, L1], y ∈ [0, L2]. The first is
spatial games where f in Eq. (13) is given by:

f = (1− u)(α + γu) , u ∈ [0, 1] . (14)

Then the system (13) with f given by Eq. (14) is persistent if

α ≥ |γ| and α > D

(
π2

L2
1

+
π2

L2
2

)
.

This result shows the critical size effect where a phenomena persist only if the
domain is large enough.

The function f for the mean field contact process is8:

f = β(1− u) (15)

and the system is persistent if β > D(π2/L2
1 + π2/L2

2).
The function f for the spread of spruce budworm is:

f = r
(
1− u

K

)
− u

1 + u2
, u ∈ [0, 1] (16)

and the system is persistent if r > D(π2/L2
1 + π2/L2

2).

4. Applications

As an application we have simulated TCML with logistic map f(u) = ru(1− u) on
small world network (SWN) which, in many cases, is more realistic than ordinary
lattices. We begin by reviewing the basics of SWN: small world networks9,10 is
a model proposed for social networks. It is a one-dimensional ring plus shortcuts
joining some random sites. Here we consider shortcuts with length k = 1. Let φ

be the average number of shortcuts/bond in the lattice hence, for large number
(L) of sites in the lattice, the probability that two random sites are connected by
a shortcut is ψ ' 2kφ/L. Naturally the critical concentration of this graph pc is
smaller than the one for the ring pc = 1. To derive the new pc the work of Moore
and Newman will be used. Build the lattice starting from a connected local cluster
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then follow shortcuts. Let vi (i = 1, 2, . . . , n) be the probability that a local cluster
of length i is included, hence in the next step in the cluster building one has

ṽi =
∑

Mijvj , Mij ' ijΨN . (17)

For full derivation, see Ref. 11. If the maximum eigenvalue of Mij is less than
one then the propagation process will eventually stop, otherwise it will propa-
gate throughout the cluster. Thus the critical concentration corresponds to the
eigenvalue one, i.e.,∑

Mijvj = λvi =⇒ λ = Ψ
∑

j2Nj =⇒ λ = 2φp
1 + p

1− p
.

So the critical concentration is:

pc =

√
4φ2 + 12φ + 1− 2φ− 1

4φ
. (18)

For small φ,

pc ' 1− 4φ .

Now consider the propagation across a small world network. We consider the
spread of an epidemic in a population with random susceptibility; thus our work
generalizes that of Moore and Newman.11 In our simulations, φ = 0.05 and shortcuts
are assigned randomly from the beginning.

When the TCML with logistic f(u) is simulated on SWN with τ = α = 0.01,
we obtained (for d = 0) that the TCML converged to a fixed point for r < 2.71.
For 2.71 < r < 2.79, the system showed cycles. For 2.79 < r < 3.1, the system is
chaotic and for r > 3.1 there is overflow. When d = 0.03 we obtained fixed points
for 0 < r < 1.81, cycles for 1.81 < r < 2.71 and chaos for 2.71 < r < 2.77.

We then studied the CML with the forced logistic map

f(ut) = ut(1− ut)(r + ε cos(θt))

θt+1 = θt +
2π

3

 . (19)

For simplicity we assumed that τ is so small that TCML can be approximated by
the ordinary CML. The addition of periodic forcing is important from the ecological
point of view.12 The results are shown in Fig. 1 where r = 3.3 and the number of
lattices is n = 50. Again we simulated the system on SWN and the results are shown
in Fig. 1, where the average Lyapunov exponent as a function of the forcing ε, the
average Lyapunov is calculated by finding the Lyapunov exponent at each site then
averaging over all sites. Curve A is the Lyapunov exponent for d = 0, curve B is
the Lyapunov exponent for one-dimensional lattices (i.e., SWN with ϕ = 0) with
d = 0.1. Curve C is the Lyapunov exponent for SWN (ϕ = 0.2) with d = 0.1.

Finally we studied the CML for the forced circle map.13 The dynamics is defined
by the equations

θt+1 = θt + $ +
k

2π
sin(2πθt) +

c

2π
cos(2πϕt) mod 1

ϕt+1 = ϕt + $1 mod 1
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Fig. 1. The average Lyapunov exponent as a function of the forcing ε.

where θt and ϕt module 1 give the coordinates on the torus. The parameter $ is
the phase shift, k denotes the strength of nonlinearity (k > 0), ε is the forcing
amplitude, and the forcing frequency $1 is irrational. Forming the corresponding
coupled map lattice on the SWN for different c our results are given in Figs. (2)–(4),
where in all our simulations we have $1 = 1/

√
2, n = 10 and SWN connectivity

equal 0.2.
Figure 2 shows the average Lyapunov exponent as a function of the forcing $,

where k = 0.2, c = 0, and d = 0 for curve A; k = 0.2, c = 0, d = 0.1 for one-
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Fig. 2. The average Lyapunov exponent as a function of the forcing $, where k = 0.2, c = 0,
and d = 0 for curve A; k = 0.2, c = 0, d = 0.1 for one-dimensional lattice (ϕ = 0) for curve B;
k = 0.2, c = 0, d = 0.1 for SWN (ϕ = 0.2) for curve C; k = 0.2, c = 0.6, d = 0 for curve D;

k = 0.2, c = 0.6, d = 0.1 for one-dimensional lattice (ϕ = 0) for curve E; and k = 0.2, c = 0.6,
d = 0.1 for SWN (ϕ = 0.2) for curve F .



January 14, 2002 19:4 WSPC/141-IJMPC 00286

On Telegraph Coupled Map Lattice and Its Applications 1533

����

���

���

���

���

���

�	�

�
�

���

���

�

� ���� ��� ���� ��� ���� ��
 ��
� ��	 ��	� ���




�
�
�
�
�
�
��
�
�
	


�
�
�


�
�
�
�
�
�


�


�

�

�

�

�

�

�

Fig. 3. The average Lyapunov exponent as a function of the forcing $, for curves A, . . . , F but
with k = 1, with the same values of c, d, ϕ, respectively as given in Fig. 2.
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Fig. 4. The average Lyapunov exponent as a function of the forcing $, for curves A, . . . , F but
with k = 2.5 with the same values of c, d, ϕ, respectively as given in Fig. 2.

dimensional lattice (ϕ = 0) for curve B, k = 0.2, c = 0, d = 0.1 for SWN (ϕ = 0.2)
for curve C; k = 0.2, c = 0.6, d = 0 for curve D; k = 0.2, c = 0.6, d = 0.1 for
one-dimensional lattice (ϕ = 0) for the curve E; and k = 0.2, c = 0.6, d = 0.1 for
SWN (ϕ = 0.2) for curve F .

Figures 3 and 4 show the average Lyapunov exponent as a function of the forcing
$, for curves A, . . . , F but with k = 1, 2.5, respectively.

5. Telegraph Reaction Diffusion Equation for Interacting Systems

For simplicity we will consider the partial differential equations. The generalization
to CML is straightforward.
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The TRD equations for interacting systems are:

τ
∂2ui
∂t2

+
∂ui
∂t
− τ

∑
j

∂uj
∂t

∂fi
∂uj

= D
∂2ui(x, t)

∂x2
+ fi(u1, u2, . . . , un) , (20)

where i = 1, 2, . . . , P . Consider the predator prey (or epidemic) system where P = 2,

f1 = u1(a1 − b1u2) , f2 = u2(−a2 + b2u1) . (21)

The system has a homogeneous steady state u1 = a2/b2, u1 = a2/b2. It is asymp-
totically stable if

α1α2 − α3 > 0 , α1(α2α3 − α1α4)− α2
3 > 0 , (22)

where

α1 =
2
τ

, α2 =
(

1
τ2

)[
τ(D1 + D2)

(nπ

L

)2

+ 1− b1b2τ
2

]
,

α3 =
(

1
τ2

)[
(D1 + D2)

(nπ

L

)2

+
(

a1a2

b1b2

)
(−b1 + b2)τ

]
,

α4 =
D1D2n

4π4

L4
+

a1a2

b1b2
,

where 0 ≤ x ≤ L.
Similarly Turing instability can be studied where the system is given by:

f1 = a11u1 + a12u2 , f2 = a21u1 + a22u2 . (23)

And it will occur if any of the following conditions is “Not” satisfied ∀ k:

(i) α1 > 0 , (ii) α4 > 0 , (iii) α1α2 > α3 , (iv) α1(α2α3 − α1α4) > α2
4 ,

where

α1 =
2− τa11 − τa22

τ
,

α2 =
(

1
τ2

)
[τ(D2k

2 − a22) + τ(D1k
2 − a11) + (1− τa11)(1− τa22)− τ2a12a21] ,

α3 =
(

1
τ2

)
[(D2k

2 − a22)(1− τa11) + (D1k
2 − a11)(1− τa22)− 2τa12a21] ,

α4 =
(

1
τ2

)
[(D2k

2 − a22)(D1k
2 − a11)− a12a21] .

In the standard diffusion equation, minimizing α4 with respect to k2 gives the
standard Turing conditions.13
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6. Conclusion

We have studied the asymptotic stability and discussed the finite amplitude insta-
bility for the TCML. The work is generalized to the TRD equation and we find that,
the conditions for FAI are identical to those for ordinary diffusion equation. Also,
the conditions for FAI are derived in the case for systems of two partial differential
equations. The persistence in TRD has been studied.

We have simulated the TCML with logistic map on SWN and also the CML for
the forced circle map has been studied. The TRD equation for interacting systems
is introduced and as an example we study the predator prey system and we find
that, under some conditions the system has a homogeneous steady states which is
asymptotically.
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